TRIGONOMETRIC INTEGRALS

The starting point of this section is to see that:

sin™t x tan™t! g
sin"zcosz dr = — +C tan" zsec’r dr = ———= + C
n-+1 n—+1
cos"t1l sect1 g
/cos"xsinxda::——i—c /sec":vsecxtanxda::+0
n+1 n-+1

The above formulas hold for n # —1

1. INTEGRALS INVOLVING POWERS OF SINE AND COSINE

When the integrand involves powers of sine and cosine, we want to convert it to a form where
we have only one sine factor (and the rest in terms of cosine) and vice versa, so we can apply
the formulas from above.

The identity

’coszx—l—sian:l‘ (1)

allows us to change between even powers of sine and cosine.

6

Exercise 1. Express cos® x in terms of sin x.

For example if we were asked to evaluate

/ sin® z dx

3 x and use the identity (1) to write it as sinx - (1 — cos? x).

2

We would write sin® z as sin z - sin

Then use the substitution © = cosx to compute the integral.
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/ sin® z dx

Now we want to use the same idea to evaluate integrals of the form

Exercise 2. Evaluate

/ sin™ z cos™ x dx

2

e If the power of sinz is odd, save one sinz factor and use sin?z = 1 — cos® x, to express

the remaining powers of sine in terms of cosine. Then use the substitution u = cosz.

Exercise 3. Evaluate
/ sin® z cos® z dx

2

e If the power of cosz is odd, save one cosz factor and use cos? z = 1 — sin® z, to express

the remaining powers of cosz in terms of sinz. Then use the substitution v = sin x.
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Exercise 4.
/ sin® z cos* z dx

e If the powers of sinx and cos x are both even, then use will need to use the double-angle
(half-angle) identities:

1 1
cos’z = 5(1 + cos 2x) sin?x = 5(1 — cos2x) ’ sin(2z) = 2sinz cos ‘

The following formulas will very useful when computing integrals

/cos(am) dx = ! sin(az) + C |; /sin(a:p) dr = 1 cos(ax) +C| a#0

a a

Exercise 5. Evaluate

/ cos* x dx
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Exercise 6. Evaluate
/ cos® zsin® z dx

2. INTEGRATION INVOLVING POWERS OF secx AND tanx
We are interested in evaluating integrals of the form

/secm ztan™ x dz

The strategy is similar to the one discussed above, and the identity that allows us to change

between even powers of secz and tan x is

’sec2x—tan2x: 1

2

e If the power of secx is even, save a factor of sec? z and use sec? z = 1+ tan? = to express

the remaining factors in terms of tanx. Then use the substitution u = tanx.

Exercise 7. Evaluate
/ sect z tan* z dz

e If the power of tanz is odd, save a factors of secz tanz and use the identity tan’z =

sec’? x — 1 to express the remaining factors in terms of secz. Then use the substitution

U = secx.
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Exercise 8. Evaluate

/tan5 Osec’ 0 do

e Otherwise there is no direct method. We can use trigonometric identities or integration
by parts. We do however have the following formulas:

/tanxdm:ln|secx|+0 /secxdmzln]secx+tanx\+0

/tan3 0 do

Exercise 9. Evaluate
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/ sec3 t dt

Exercise 10. Evaluate
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